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Abstract

The main objective of this research is to show that there is underestimation of the risk and the return in
the mean-variance model of Merton’s investment portfolios with respect to a modification of the model
taking into account the t-Student copula-GARCH. Mean-variance investment portfolios are estimated for
Total Return Economic Activity Indices of the Mexican Stock Exchange in the period 2010-2020 with
daily data. The results of this research, through empirical evidence, shows that Merton’s model and
Gaussian copula-GARCH model underestimate return and risk, compared to the adjusted portfolio
through t-Student copula-GARCH. It is suggested that the investor chooses these kind of portfolios in
order to get highger returns. Limitations are that the models herein are considered to have a Gaussian
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behavior. The originality of this research is that nowadays is a lack of literature about portfolios with
copula-GARCH in Mexico. The conclusion is that the Merton’s model and Gaussian copula-GARCH
model underestimate the risk and the return specifically for the Total Return Economic Activity Indices
of the Mexican Stock Exchange.

JEL Code: G11, C32, C44
Keywords: portfolio theory; copula theory; GARCH models

Resumen

El objetivo de la investigacion es mostrar que existe una subestimacion del riesgo y del rendimiento en el
modelo de media-varianza de portafolios de inversion de Merton respecto a una adecuacion al modelo
considerando cOpula-GARCH-t-Student. Se estiman portafolios de inversién de media-varianza
compuestos por los indices de Actividad Econémica de Rendimiento Total de la Bolsa Mexicana de
Valores en el periodo 2010-2020 con datos diarios. Los resultados de esta investigacion, a través de la
evidencia empirica muestran que el modelo de Merton y el de copula-GARCH-gaussiana subestima el
rendimiento y el riesgo, en comparacién al portafolio ajustado via copula-GARCH-t-Student. Se
recomienda que el inversionista opte por este tipo de portafolios para que obtenga mayores beneficios.
Las limitaciones son que los modelos presentados en esta investigacion asumen comportamiento
gaussiano.

La originalidad del trabajo es que actualmente en México existe una escasa literatura de portafolios con
copulas-GARCH. Se concluye que el modelo de Merton al igual que el de cépula-GARCH-gaussiana
subestiman el riesgo y el rendimiento para el caso de los indices de Actividad Econémica de Rendimiento
Total de la Bolsa Mexicana de Valores.

Cadigo JEL: G11, C32, C44
Palabras clave: teoria de portafolios; teoria de cépulas; modelos GARCH

Introduction

The results of investing in the capital markets are always uncertain due to the various financial shocks
characteristic of these environments. Each decision taken, as well as the economic context, can generate
profits or losses. Therefore, it is necessary to build diversification strategies to achieve higher profits and
stability in people's assets.

In the capital markets, governments and companies issue long-term debt instruments or
securities that require financing, which entails having a regulated market that offers guarantees at the time
of the transactions. This market is the stock market, or in the case of Mexico, the Mexican Stock Exchange
(BMV). The BMV is the place where the operations of the organized stock market are carried out in
Mexico, the place where shares are bought and sold.

The BMV is the meeting point where companies and governments that require money find

lenders with funds available for investment. In other words, companies that need to finance their
2
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operations can do so through the BMV by issuing long-term financial assets (shares, bonds, or commercial
paper) made available to investors.

"The Total Return Economic Activity Indices of the Mexican Stock Exchange are indicators
that reflect the behavior of the different Sectors (Primary, Secondary and Tertiary) of the Mexican stock
market that comprise the country's Economic Activity, by including in their samples the most traded stock
series of the companies listed by each activity, based on the price variations of a balanced, weighted and
representative sample” (BMV, 2021). It groups all participating activities into seven groups: Commercial
Houses and Distributors, Mining and Agriculture, Manufacturing Industry, Electricity, Gas and Water,
Infrastructure and Transportation, Financial Services, Trade and Services, and Construction. Their role in
forming portfolios is analyzed in this research.

From a neoclassical point of view, the financial literature highlights the importance of financial
diversification as a strategy to disperse risk in different sectors within the market. These assumptions are
valid when assuming the non-existence of information skewness, both for the agents and the market. These
portfolio theories have been a controversial issue in economic thought due to the type of assumptions on
which they are based.

The significance of this work lies in the analysis and diversification of investment portfolios, as
well as their importance for decision making, particularly by comparing the mean-variance portfolio of
Merton's (1972) model and a pair of portfolios adjusted through a copula-GARCH implementation with
elliptic support. The BMV Total Return Economic Activity Indices establish the portfolios. Better results
should be obtained through the copula-GARCH adjusted portfolios of the Total Return Economic Activity
Indices since the proposed diversification is non-traditional and better captures the intrinsic non-linear
characteristics of the Total Return Economic Activity Indices.

The following section presents the Theoretical Framework, followed by a brief Review of the
Literature, the Methodology used, the Analysis of Results, and finally, the Conclusions and final

considerations of this research.

Theoretical framework

Theory of Profitability

The profit function and its measurement are abstract concepts. Moreover, they are not technical and
operational instruments. This generally sows some doubts among outsiders or neophytes in economics

and finance because they doubt the relevance of this theory. Therefore, it should be emphasized that the
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theory of choice in markets adequately reveals the behavior of economic agents in their consumption and
investment decisions. Furthermore, the theory of profit gives a full account of the behavior of economic
agents in making decisions under risk conditions.

Experimental analyses of the behavior of individuals and empirical studies of their preferences
corroborate that more is always preferred to less. Moreover, as the theory proposes, the personal
satisfaction of each additional unit of consumption or of a peso gained produces a decreasing satisfaction
in the case of investments. This is consistent with the postulates of choice and profit theory.!

Likewise, empirical evidence also confirms the fact that economic agents are mostly risk averse.
Moreover, it is only necessary to recall that many individuals buy insurance against car theft, burglary, or
damage to their homes, which reveals an attitude of risk aversion because the insurance premium is always
higher than the expected loss to cover the insurer's costs and profits. In developing countries, the purchase
of insurance is not very widespread, but this is not due to a passion for risk but to the very low income of
a large part of the population. Nevertheless, both developed and developing country agents show an
aversion to risk in experimental studies. When offered constant returns with different levels of risk, people
invariably choose the lower-risk options.

Finally, even if the investor or portfolio manager does not believe that it is possible to derive
profit functions, the principles of this theory offer much insight into the rational decision-making process.
It clearly explains why certain investments and investment portfolios are accepted or rejected.

The presence of a paradox is worth noting: if rationality is assumed, why does the same
individual buy both insurance and lottery tickets? This preference for lotteries and games of chance
contradicts the theory of choice and profit postulates since its expected return is negative and reveals an
attitude of passion for risk. Friedman? and Savage (1948) suggest that the profit curve takes different
forms according to the income levels of individuals. The profit curve is composed of three segments?: it
tends to be concave downward for low-income levels, concave upward for middle-income levels, and
again concave downward for high-income levels (decreasing, increasing, and decreasing marginal profit,

respectively).

A good summary on experimental and empirical studies on utility and the behavior of economic agents can be found
in Copeland et al. (2005); see also Harrison (1994), Luce (1999) and Cox and Sadiraj (2006), Bardsley et al. (2009)
and Brink, Hobson, and Stevens (2012).

2Milton Friedman received the Nobel Prize in Economics in 1976 "for his achievements in the fields of consumption
analysis, monetary history and theory, and for his demonstration of the complexity of stabilization policy."

3Both the social and individual profit curves should be concave upward in their entirety.
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Profit

Wealth

Figure 1. Profit curve segmented according to income levels
Source: created by the authors
Figure 1 shows in A low-income levels where individuals present a downward concave profit
curve and are risk-averse but like to participate in random games if such games can shift their wealth to
PB and higher levels (where the profit curve is again downward concave). In the second category are
individuals who prefer large-scale gambles. In the last segment are high-income individuals who prefer
certainty relative to moderate and extreme risks. They prefer small winnings and reasonably safe games
with the possibility of small losses. They are risk-averse individuals who seek a premium for taking

moderate risks.* This situation is depicted in Figure 2.

Figure 2. Profit Curve
Source: created by the authors

4Since its inception, the Friedman-Savage paradox has been the subject of much debate. Recent examples of these
debates can be found in Einsehauer (2005), Heukelom (2009), and Direr (2012).
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The theory of profit has been enriched in the last two decades with models considering the
complexity of decision making. Several factors may shape individuals' preferences. For example,
individuals may be concerned about the stability of their income levels and health; if their health has

declined somewhat, they may place less value on their future income because of the
impossibility of enjoying it fully. Likewise, instability in income levels alters consumption and savings
patterns. Hence, in the face of a possible reduction in future income, many economic agents tend to save
more as a preventive measure. This is precautionary saving. Attitudes such as these have been extensively
analyzed by psychologists, economists, and actuaries, often in multidisciplinary studies. Analytically, the
high-order derivatives of the profit function are examined.

Review of the literature

The application of copula models in various areas has grown considerably in recent years. They mainly
analyze the dependence between random variables. Regarding tail dependence in financial series,
Algaralleh et al. (2019) study volatility in Stock Market prices at different time horizons and show that
the skewness of the distribution can be modeled with a copula-EGARCH. In addition, Denkowska and
Wanat (2020) propose a hybrid model for the dynamic analysis of interrelationships based on combining
a copula-GARCH model and minimum spanning trees. As for research on dependence structures, Hamma
et al. (2019) propose an optimal hedging strategy in oil reserves. The results show that the Gumbel copula
is the best model. Li et al. (2019) analyze the dependence structure between the Chinese Stock Market
and the RMB exchange rate showing significant structural breaks in the crisis period. Liao et al. (2019)
use cluster copulas with GARCH models to measure the dependence between stock price and oil for G7
and BRICS countries; the empirical evidence shows a positive and significant dependence. Using copula-
GARCH models, Chang et al. (2020) model China's emission rights and energy markets; the results show
significant regional heterogeneity. Finally, Joseph et al. (2020) study the contagion in the global financial
crisis and Eurozone crisis periods using bivariate vector error correction models estimated with GARCH
(1,1), comparing Elliptic versus Archimedean copulas. The results show that the Clayton copula is the
best fit for extreme dependence.

A couple of recent studies on dynamic models should be highlighted. Chen and Qu (2019)
examine the leverage effect and dynamic correlation with copula between China's crude oil and precious
metals. The result shows that the volatility of international crude oil and China's precious metals has a
leverage effect. Furthermore, Li et al. (2020) propose a dynamic copula model combined with the
ARIMA-GARCH model. The result shows that the proposed method can provide more accurate forecast

error intervals.
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In the case of Mexico, the literature on copulas is scarce. Venegas and Cruz (2010) and Durdn et al. (2018)
show empirical studies using more robust copulas models through the Archimedean type. Garcia et al.
(2017) incorporate Monte Carlo simulation in their study. Moreover, Olivares et al. (2017) propose Value-
at-Risk models for the non-underestimation of market risk as an alternative to elliptic copula models
applied to the Mexican housing sector, obtaining the best results for the t-Student.

Given the literature review, the current importance of the copula theory and the time series
theory with its different applications to finance is evident. Therefore, this paper addresses this importance

and proposes an adaptation of Merton's mean-variance portfolio.

Methodology

Portfolio theory

The following equation expresses the investor's desired total return on their investment portfolio:
R=RR+P+PM+PI (1)

R: Investor's desired total return
RR: Investor's actual desired return
P: Premium for inflation risk

PM: Market risk premium

IP: Intrinsic risk premium

The investor's desired real return is the income they obtain from their investment, i.e., they
sacrifice their present consumption for the future, investing in the purchase of shares to increase their
profit.

The investor's purchasing power loss due to inflation is compensated by a surcharge on the
desired real return, equal to the inflation rate (w). The desired real rate of return (r) plus the premium for
inflation risk determines the "risk-free rate” (TLR). This rate has the lowest risk of bank default; in
Mexico, it is commonly available from Treasury Certificates (CETES).

The investor also wants a premium to compensate for the risks acquired by investing in assets other than
risk-free assets, i.e., risky assets. This requires two types of premiums: a premium for market risk and a

premium for the intrinsic risk of each company.
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Market risk in the investor's profits or losses is due to changes in asset prices in the financial
markets. Governmental policy decisions mainly cause this risk. Intrinsic risk is composed of commercial
risk and financial risk. Commercial risk is caused by possible negative impacts that affect the efficiency

of each company. Financial risk is caused by possible negative impacts on the yields of financial assets.

Merton mean-variance portfolio model

Based on the abovementioned characteristics of an investment, Merton (1972) revolutionized financial
thinking. He contributed with a model for the construction of optimal investment portfolios by minimizing
the risk of the portfolio subject to a given level of the portfolio's expected return. The solution to this
problem is known as the mean-variance portfolio. Analyzing the construction of Merton's model, it turns
out that the expected return of the portfolio is the weighted average of the expected returns of the assets
that make up the portfolio:

ﬁp = Z?:l WLE(RL) (2)

R,, : Expected portfolio return p

p: Asset portfolio

w; : Weighting of the investment made in the i-th asset
E(R;) : Expected return on the i-th asset

n: Number of assets

The portfolio's risk is measured by its standard deviation with respect to its expected return.
Luenberger (1998) states that the variance of portfolio returns is the weighted average of the covariances

of all the pairs included in the portfolio, which is expressed as:

0f = Xy Xl wiwjoy; 3)
o5 Variance of portfolio returns p
w;w;: Weighting of investment in assets i and j
a;;: Variance between the returns of assets i and j if I = j, or covariance between the returns

of assets i and j if i # j. Or, in other words, expressed as a matrix, the following is obtained

ol =WTsw @)
8
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where:

W: vector of weights (proportions) of the assets
WT: transposed from W

Z: variance-covariance matrix of the asset portfolio

Analogously, the variance-covariance matrix can be decomposed using

X=0po (5)
where:
o: volatility matrix (standard deviation) of the assets
p: correlation matrix of the assets

Therefore, the estimation of the variance of the portfolio can be carried out using
of, =WTopoW (6)

It is worth mentioning that this decomposition of the variance and covariance matrix is the one
that will be used to incorporate the copula and GARCH models. The copula models will be incorporated
through the correlation parameters to form the correlation matrix, and the GARCH models will be
incorporated through the volatility parameters to form the volatility matrix.

The expression of Equation (3) in its matrix form is equal to

2
01 012 ** O1p w1
2 w:
2 _ o o o )
oy = (W, wy,...,wp) | ©22 2 an : )
2 W,
On1 On2 Opn n

Therefore, the standard deviation of the portfolio (risk) is

o = £ o} ®

It is necessary to find the optimal weights (Wl,Wz;---,Wn) that minimize the risk for each

expected return to find the efficient frontier of the investment portfolios. Thus, the optimization problem
posed by Merton is expressed as follows:

1 1
min Eaﬁ = - Xi1 X1 wiwjoy; 9)
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subject to:

n
ﬁp = Z w;E(R;)
i=1

The restriction is that the weights at least obtain a value of 0 to avoid allowing short sales in the model.

Copula theory

A copula function is a multivariate distribution function defined on the unit cube [0,1]™ x [0,1], with
uniformly distributed marginals. The mathematical basis of copula functions is established by Hoeffding
(1940) and is specified by Sklar's Theorem (1959).

Sklar's Theorem

Let it be an n-dimensional distribution function F with continuous marginal distributions F, ..., F,,; there

exists a unique n-copula C: [0,1]" — [0,1], such that:

F(Xq, ..., Xp) = C(Fl(xl), ...,Fn(xn)) (20)

Then, the copula combines the marginals to form a multivariate distribution. This theorem
provides a parameterization of the multivariate distribution and a copula construction diagram.

This theorem allows the choice of different marginals and a given dependence structure to be
used in the construction of a multivariate distribution®. It differs from the traditional way of constructing
multivariate distributions, where one has the restriction that the marginals are usually of the same type.

The copula functions to be used in this work are bivariate copulas—copulas composed of only

two marginal distribution functions. It is important to note that the marginal distribution functions that

SFor further information on Copula Theory see Nelsen (2006) and Cherubini et al. (2004).
10
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will be used to construct the bivariate copula functions will be marginal distribution functions
corresponding to the distributional structure that will be proposed through the copulas.

Although there are many copula functions, this paper will only focus on the copulas of the
Elliptic family: the Gaussian copula and the t-Student copula.

The main characteristic of these copulas is that they are associated with random variables with
a symmetrical multivariate distribution function. Therefore, the contour lines generated by this type of

copulas have an elliptical shape.

Gaussian copula

The Gaussian copula is a generalization of a multivariate Gaussian distribution. For the bivariate case ®
denotes the (cumulative) Gaussian distribution, and @, , denotes the standard 2-dimensional Gaussian
distribution with correlation matrix p.

The bivariate Gaussian copula with correlation matrix p is
Cp2(ug,up) = @y (‘D_l(lh); d>_1(u2)) (11)
As noted above, the marginal distribution functions used in this paper for the estimation of

bivariate normal copulas correspond to the distributional structure of the copula, in this case Gaussian

marginal.

T-Student Copula

The t-Student copula is a generalization of a multivariate t-Student distribution. For the bivariate case, a

2-dimensional t-Student distribution T, ; , with v degrees of freedom and a correlation matrix p is defined

as
1 F(m) X1 (X2 dx
Topn = =y o5 | oo =22 (12)
P detp F(E)(TW)Z/Z *® 1+xtp—1X)T
v
And its respective bivariate t-Student copula with correlation matrix p and v degrees of freedom
is

11
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Copw(U1,2) = Ty py (T, 71 (0), T, 7 (u2)) (13)

where T, is the univariate t-Student distribution with v degrees of freedom.
As indicated, the marginal distribution functions used for estimating the bivariate t-Student

copulas correspond to the copula's distributional structure, in this case, t-Student marginals.
Estimation of copula parameters

The estimation of the parameters of the Elliptic copulas proposed in this work will be through the
maximization of their log-likelihood function.
The log-likelihood function is defined as

1(6) = ?:1 Inc (Fl(x]—_l), s Fn(xj,n)) + Z’}zl >, lnfl-(xj,l-) 14)

where 6 is the set of parameters of both the marginals and the copula.

The log-likelihood function is maximized, and the maximum likelihood estimator is obtained:

OumLe = %1638( 1(6) (15)

The estimated copula parameter (dependence parameter) will serve as the correlation parameter
in the Merton portfolio. Thus, two correlation matrices will be generated, one with the parameters

estimated via the Gaussian copula and the other with the parameters estimated via the t-Student copula.

GARCH Model

Bollerslev (1986) extends the ARCH model, proposing the GARCH model®. The generalized
autoregressive conditional heteroscedasticity (GARCH) model estimates that the conditional variance
depends on two factors: the innovations of the squared residuals €2,_;, €2,_,, ...,szt_p, known as the

ARCH effect, with their respective autoregressive coefficients; and the prior conditional variances

®It should be noted that only one methodology of the GARCH family—the traditional GARCH model—will be
specified in this study. For a better understanding of these models and a description of other models belonging to the
GARCH family, see Hamilton (1994), and Sanchez and Reyes (2005).

12
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02¢1,06% 2, .., cszt_q, known as the GARCH effect, with their respective autoregressive coefficients; an
intercept term, y,; and an error term, u,.
The GARCH model is expressed as

0% =Yooty ef g+t e + By 0%q + By 0%p + o+ Bg 0% g T U
=Yot Zip=1 o % + qu=1 B; 02t—j +ue (16)

The GARCH model exemplifies a GARCH (p,q) model, where p and q determine the number
of lags. Itis necessary to mention that the sum of the autoregressive coefficients of the ARCH and GARCH
effects must be less than or equal to 1, i.e., o9 + oy + -+ ap + Bo + By + -+ Bq < 1, so that the
GARCH process is ensured to be stationary and ergodic.

This study uses the GARCH model with errors distributed in two different ways, specifically
via the two distributional proposals proposed in the copula models: the Gaussian distribution and the t-
Student distribution. Once the conditional variance of both models is obtained, its square root is extracted
to obtain the adjusted standard deviation (volatility) that will be used in the configuration of the variance
and covariance matrices that will be used in the configuration of the adjusted portfolios.

Analysis of results

This research considers the daily historical returns of the BMV Total Return Economic Activity Indices.
The period covers ten years, from September 30, 2010, to September 30, 2020. Considering daily data,
basic descriptive statistics of expected return, standard deviation, and Sharpe ratio [E(R;) — TLR]/o; are
estimated. After that, GARCH models are estimated to obtain the volatility estimation. Subsequently,
correlation matrices are estimated, two of which incorporate the adjustment via copulas, to subsequently
estimate the variance and covariance matrices that include the adjustment via copulas and GARCH
models. Finally, three mean-variance investment portfolios are constructed: i) Merton mean-variance
portfolio, ii) Merton portfolio with copula-GARCH-Gaussian fitting, and iii) Merton portfolio with
copula-GARCH-t-Student fitting.

Figure 3 shows the behavior of the portfolio components (i.e., the selected BMV Total Return
Economic Activity Indices), composed of both the prices and the returns of each of the indices under
analysis. It should be noted that only five of the seven Total Return Economic Activity Indices were
considered for the portfolio because the Sharpe ratios for the Mining, Agriculture, and Construction
sectors were negative, i.e., expected returns were below the CETES reference rate.

13



3H. A. Olivares Aguayo, et al. / Contaduria y Administracion 66(4), 2021, 1-2
https://dx.doi.org/10.22201/fca.24488410e.2021.2966

Trading Houses and Distributors Manufacturing industry, electricity, gas, and water

A i P R | AW
M Y M"W“’ T\l Dy Ll
' i L e

JVR,IJ‘ JN } I
Y T

/

Infrastructure and Transportation Financial Services

A \ mﬂ /\\,”Mwm\*"
W)

I " X

\‘\: '/-, i
L f
/“'u"”j
A
,,-.:‘Jw
v/
o w‘,/

d

Trade and Services

Y4
. L‘/\.ﬁw” \‘ "J;’A' y

" //'/W‘VK,J |(4 |
y Iidat \L,-,‘V‘h'.’v‘v

i
Fer

Figure 3. Daily Returns and Prices of Total Return Economic Activity Indices
Source: created by the authors

Table 1 shows the annualized results of the descriptive statistics, expected return and standard
deviation, and the volatility estimation through the GARCH-Gaussian and GARCH-t-Student models

corresponding to the indices analyzed.
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Table 1
Descriptive Statistics and Volatility via GARCH Model of Total Return Economic Activity Indices
Manufacturing

Trading Infrastructure

industry, Financial Trade and
Houses and L and . .
o electricity, gas, . Services Services
Distributors Transportation
and water

E’r‘;‘fﬁtned 0.052804 0.068908 0.081308 0.075215 0.087651
Standard 0.153779 0.151341 0.166487 0.187479 0.157322
deviation

Gaussian

GARCH 0.153161 0.151260 0.161210 0.173633 0.238656
Volatility
GARCH t-

Student 0.148905 0.170043 0.158994 0.178541 0.154059
Volatility

Source: created by the authors

Continuing with the analysis, the correlation, variance, and covariance matrices are obtained,;
first in a simple way, that is, via Pearson's correlation parameter and the Variance and Covariance
estimator. Table 2 illustrates this.

Subsequently, the correlation matrices are obtained in an adjusted form; that is, the correlation
matrices are generated via the copula methodology. They are created using the estimated parameters of
the Elliptic copulas, the Gaussian copula, and the t-Student copula. It should be remembered that the
adjustment of the marginals to be used in estimating the copulas is an adjustment of the proposed
distributional assumption. Consequently, the marginals used in the Gaussian copula are Gaussian
marginals, and those used in the t-Student copula are t-Student marginals.

The variance and covariance matrices are then generated. They include the GARCH models
with Gaussian and t-Student innovations in addition to the estimated copulas. Table 3 contains the matrices
generated with the Gaussian assumption, and Table 4 contains the matrices generated under the t-Student
assumption.

Once the variance and covariance matrices for each of the proposed cases are available, the
implementation of the diversification of the portfolios is continued. Table 5 shows the weights of the
diversified portfolios composed of the BMV Total Return Economic Activity Indices. The weights
considering the Merton model and those considering the models adjusted via GARCH and copula models
are shown. It is worth remembering that the estimated diversification was carried out with the objective

function of minimizing the variance of the portfolio, considering the restrictions of the Merton model.
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Table 2
Correlation Matrix and Variance and Covariance Matrix of the Total Return Economic Activity Indices
using the Merton model

Panel A. Correlation Matrix

Manufacturing

Trading indust Infrastructure Financial Trade and
Correlation Houses and ST, and . i
oo electricity, gas, . Services Services
Distributors transportation
and water
Trading
Houses and 1 0.76639583 0.61011699  0.61294556  0.82990711
Distributors
Manufacturing
industry,
electricity, gas,  0.766395833 1 0.65878299 0.67045404  0.70313674
and water
Infrastructure
and 0610116992  0.65878299 1 0.66501256  0.76342621
transportation
Financial
Services 0.612945562 0.67045404 0.66501256 1 0.66489603
Trade and 0.829907111  0.70313674 0.76342621  0.66489603 1
Services
Panel B. Variance and Covariance Matrix
Tradin Manufacturin  Infrastructure
Variances 9 g industry, and Financial Trade and
- Houses and . . . .
Covariances o electricity, transportatio Services Services
Distributors
gas, and water n
Trading Houses and
Distributors 0.023;34800 001783641  0.01562038 0.01776714 0.02%0778
Manufacturing
industry, electricity,
gas, and water OOITS304L 002200415 001650805 00120 001074LZ
Infrastructure and
transportation  0.012038 ¢ 01650806 0.02771804 0020757  OOHP
Financial Services
0.017867146 0.01902302 0.020757 0.03511485 0.01916109
Trade and Services 0.020(;)7785 001674123 0.01999581 0.01?16109 0.0217503

Source: created by the authors
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Table 3
Correlation Matrix and Variance and Covariance Matrix adjusted via Gaussian copula and Gaussian
GARCH of Total Return Economic Activity Indices Returns

Panel A. Correlation Matrix (Gaussian Copula Parameters)
Manufacturing

Trading Infrastructure

. industry, Financial Trade and
Correlation Houses and L and . .
oo electricity, gas, . Services Services
Distributors transportation
and water
Trading
Houses and 1 0.76639583 0.61011699  0.61294556  0.82990711
Distributors
Manufacturing
industry,
electricity, gas,  0.766395833 1 0.65878299 0.67045404  0.70313674
and water
Infrastructure
and 0.610116993 0.65878299 1 0.66501256  0.76342621
transportation
Financial
Services 0.612945562 0.67045404 0.66501256 1 0.66489602
Trade and 0.829907111  0.70313674 0.76342621  0.66489602 1
Services

Panel B. Variance and Covariance Matrix (Gaussian copula parameters and Volatility via Gaussian
GARCH)

Manufacturin  Infrastructure

Variances Trading g industry, and Financial Trade and
- Houses and - . . .
Covariances S electricity, transportatio Services Services
Distributors
gas, and water n
Trading Houses and
Distributors 0.02335817 0.0177551 001506441 0.01(:3%3005 0.03(;3353
Manufacturing
industry, electricity,
gas, and water 0.017;5510 0.02287947 0.01606413 0.0126085 0.02563825
Infrastructurg and 0.01506441 001606413 0.02598867 0.0186146  0.0293718
transportation 4 3 8
Financial Services
0.016830052 0.01760859 0.01861463 0.03(;1484 0.02;5523
Trade and Services 0.0303?3537 0.02538256 0.02937188 0.0225523 0.05%9567

Source: created by the authors
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Table 4

Correlation Matrix and Variance and Covariance Matrix adjusted via t-Student and GARCH t-Student
copula of Total Return Economic Activity Indices Returns

Panel A. Correlation Matrix (t-Student Copula Parameters)

Manufacturing

Trading indust Infrastructure Financial Trade and
Correlation Houses and Justry, and . .
oo electricity, gas, . Services Services
Distributors transportation
and water
Trading
Houses and 1 0.76648243 0.6103059 0.61306397  0.83022615
Distributors
Manufacturing
industry,
electricity, gas,  0.766482429 1 0.65903221 0.67053539  0.70339153
and water
Infrastructure
and 0.610305904 0.65903221 1 0.6649836 0.76356016
transportation
Financial
Services 0.613063971 0.67053539 0.6649836 1 0.66496015
Trade and 0.830226155  0.70339153 0.76356016  0.66496015 1
Services
Panel B. Variance and Covariance Matrix (t-Student copula parameters and Volatility via GARCH t-
Student)
Tradin Manufacturin  Infrastructure
Variances g g industry, and Financial Trade and
. Houses and L . . .
Covariances . electricity, transportatio Services Services
Distributors
gas, and water n
Tradlr)g Houses and 0.02217275 0.0194075 001444898 0.0162986  0.0190455
Distributors 5 8 2
Manufacturing
industry, electricity, 0'01930749 0.02891446 001781738  0.0203571 0'01834264
gas, and water
Infrastructur(_e and 0.01444897 001781738 002527897 0.0188767 0.0187029
transportation 6 6 3
Financial Services 002997 00203571 0.01887676  O0%18707  0.0182902
Trade and Services 0019? 4552 0.01842643 0.01870293 0'01822902 0'0237341

Source: created by the authors
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-I\r/la(:)a:ﬁ-?/ariance portfolio of BMV Total Return Economic Activity Indices
Weight .
Copula Student copula
Trading Houses and Distributors 0.30337156 0.3312723 0.53888521
Manufacturing industry, electricity, gas, and water ~ 0.35845296 0.28824643 0
Infrastructure and transportation 0.2353614 0.27729635 0.36033337
Financial Services 0.01264034 0.10318492 0.10078141
Trade and Services 0.09017374 0 0
SUM 1 1 1

Source: created by the authors

It is important to note in Table 5 that the algorithm for the GARCH-Gaussian copula rules out
investment in the Trade and Services index, while the GARCH-t-Student copula, being more restrictive,
in addition to ruling out investment in the Trade and Services index, also does so for Manufacturing
Industry and Electricity, Gas and Water. Likewise, it is observed that the Merton model does not rule out
investing in any of the indices that make up the portfolio.

Table 6 shows the risk-return relationship of the mean-variance portfolio obtained through the

diversification of the three proposed portfolios.

Table 6
Risk and Return in the mean-variance portfolio of BMV Total Return Economic Activity Indices
Standard Expected
deviation return
Mean-variance portfolio 0.13884507 0.06871079
Gaussian GARCH mean-variance portfolio and Gaussian copula 0.13692394 0.06766236
Mean-variance GARCH t-Student and t-Student copula 013710442 0.06533333

portfolios

Source: created by the authors

The information in Table 6 can be seen in Figure 4, which shows the three efficient frontiers
generated through the proposed portfolios. The difference between these three frontiers is visible,
highlighting the difference in the estimated values of the mean-variance portfolio (vertex of the parabola)
where the minimum risk is found. It can be concluded that the Merton model of investment portfolios
applied to the BMV Total Return Economic Activity Indices underestimates return and risk, as does the

GARCH-Gaussian copula-adjusted portfolio because it is very similar in its behavior, unlike the GARCH-
19
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t-Student copula-adjusted portfolio, which clearly does not underestimate risk. The main implication of
not underestimating risk in the efficient frontier is that the t-Student distribution better captures the
fluctuations the portfolio may have, i.e., it is closer to reality. Therefore, when there is an underestimation,

the expected results can be very different from the real ones, especially in times of crisis.

0.09

0.085

0.08

0.075
0.07
0.065
0.06
0.055

0.05
0.135 0.14 0.145 0.15 0.155 0.16

Merton e——>Gaussiana es=t-Student

Figure 4. Efficient frontier of the portfolios formed by the BMV Total Return Economic Activity
Indices.
Source: created by the authors

Conclusions

This research conducted a diversification analysis. Three investment portfolios comprising the BMV Total
Return Economic Activity Indices were considered. A Merton mean-variance portfolio and two portfolios
adjusted via copula and GARCH models with an Elliptic support were generated. The efficient frontiers
obtained from each of the portfolios were contrasted, and it was concluded that the Merton mean-variance
portfolio model and the copula-GARCH-Gaussian model applied to the BMV Total Return Economic
Activity Indices underestimate return and risk, while the copula-t-Student portfolio does not. By breaking
the constant volatility assumption, the best results in terms of not underestimating risk are observed in the
GARCH-t-Student copula since this copula is leptokurtic, which contributes to effectively capturing the
volatility clusters in the returns of the BMV Total Return Economic Activity Indices. This is reflected in
the comparison of efficient frontiers in the determined models. For future research, more robust portfolios

can be constructed through Archimedean copulas.
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